SCATTERING FOR THE BEAM EQUATION 
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Abstract. In this paper, we study the scattering for the nonlinear beam equation Utt + 
A 2 u + mu + [i\u\ p ~ 1 u = 0. Our results include two aspects. In the defocusing case we 
show that the scattering holds for d = 1, which extends the result in [16] to one dimension. 
In the focusing case, we show that the scattering holds in > 1) when the energy 

E(u Q ,Ux) < E(R,Q) and ||Att |||a + m\\u \\ 2 L2 < \\AR\\% 3 + m\\R\\ 2 L2 for ground state R. 
The difficulties lie the absence of the scaling invariance and a Galilean transformation for 
the equation to control the Momentum vector. 

1. Introduction 

We study the following nonlinear beam equation 

•an + A 2 m + mu + n\u\ p ~ x u = 0, (x, t) E R d x R, 

u(0)=u (x), u t {0) = u 1 (x), xeM. d , 

where u : R x R d R, d > 1, m > 0, y. = ±1 and 1 + 8/d < p < 2 tt - 1. We denote 
2" = oo for 1 < d < 4, and 2^ = for d > 5. The equation is referred to as " defocusing" 
when /i = 1, while it is referred to as " focusing" when /j, — — 1. In one-spatial dimension, 
a similar equation to (11. ip with a different nonlinear term has been studied as suspension 
bridge, see [12J. In dimension two, a similar equation was proposed in Love [TT] for the 
motion of a clamped plate. For the more physical meaning, please refer to the book by 
Peletier and Troy |18j . The general theories for the Cauchy problem of (11. ip such as local 
well-posedness in H 2 (R d ) x L 2 (R d ), global well-posedness, stability and instability of solitary 
and standing waves were established by Hebey and Pausader [3], Levandosky [8j |9]. The 
low-energy scattering for (II. ip or more general higher-order wave equations was proved in 
[S] and [13], respectively. For other related study on (II. ip the authors can refer to [2] for 
example. 

In this paper, we are concerned with scattering theory for the subcritical nonlinear beam 
equation (ll.ip . which particularly in the defocusing case was conjectured in Levandosky 
and Strauss [TU] when the authors found an analogue of the Morawetz estimate for the 
nonlinear Klein-Gordon equation. This conjecture in the dimensions d > 5 was proved by 
Pausader [15], where the author used the Morawetz estimate obtained in [10] combining 
with the ideas about frequency localization from Tao [19] to overcome the difficulties such as 
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the lack of mass conservation and finite propagation speed. Recently, Pausader [16] proved 
the scattering theory for (11.11) in lower dimensions 2 < d < 4 by making use of Kenig- 
Merle's concentration-compactness argument [6] and an interesting virial-type identity in 
the direction orthogonal to the Momentum vector, which can be used to overcome the lack 
of Galilean invariance for the nonlinear beam equation. Unfortunately, the type of virial 
identify in [16] can not work for d = 1 and the focusing case, and thus the problems for 
scattering in the both cases were left behind [TJ)J [16] . In this paper, we address these two 
problems by developing some new techniques, which will be describe in the following. 

Before stating our main results, we introduce some notations. Let £ = H 2 (R d ) x L 2 (R d ) 
be the energy space, and define the following natural inner product 



((u Q , ui), (v , v i)) = / (Au Av + muovo + uiVijdx. 
Hence, the free energy 

E {u,v) = l [ (\Au\ 2 + m\u\ 2 + \v\ 2 )dx \\{u,v)\\ s . 

It is well-known [HI [TSJ EH] that for any (uq,U\) G £, there exists a unique maximal 
solution 

u(t) G C{I; H 2 (R d )) n C\I; L 2 (R d )), I = (-T_(n , Ul ), T + (u , Ui)) 
to (ll.ip . such that it maintains the energy and momentum conservations in /, where 

E(u)=E(u,Ut) = - I (M 2 + \Au\ 2 + m\u\ 2 ) dx + [ \u\ p+1 dx 

(1.2) 2 J Rd p+lJ Rd 

=E(u ,m 1 ), tel 

and 

(1.3) P{u) = I u t Vudx= I Ui\7u dx, t £ I. 



In particular, I = M. for defocuing case 

In what follows, we call that the solution u <E C{I; H 2 (R d )) n C X (I\ L 2 (R d )) of dHJ) with 
initial data (uq,ui) G £ scatters in £ if I = R, and there exist two solutions v ± of linear 
beam equation 

(1.4) v a + A 2 v + mv = 

such that 

\\u(t) - v ± (t)\\ H 2 + \\u t (t) - vf(t)\\ L 2 ->■ 0, as t -> ±oo. 



In [15| [16] . Pausader established the following scattering property of the solutions in 
dimensions higher than two. 

Theorem 1.1 (PH [16]). Let p = 1, d > 2, and 1 + 8/d < p < 2* - 1. Let (u ,ux) G 
iJ 2 (l)xL 2 (R), t/ien there exist a unique global solution u{t) G C(R; if 2 (R d ))nC 1 (R; L 2 (R d )) 
to (II. ip swc/i i/ioi -u(t) scatters in £ . 
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As mentioned above, the directional virial identity developed in [16] is only suitable to 
use in dimensions d > 2, since it needs another direction orthogonal to the Momentum. This 
shows that the argument in [16] breaks down in dimension one. To overcome the difficulty, 
we introduce a gauge transformation to the solutions defined by 

^ u(x,t) = jfi lHs)ir L* ds+ix<0 u(x,t), 

which can be used to explore the structure behavior of the minimal energy solution or the 
least action element, and force the Momentum vector to be zero. Meanwhile, we apply some 
scaling argument to reduce the harmful effects of the lower-order term, which arises from 
the gauge transformation. Now we describe our first result in this paper as following. 

Theorem 1.2. Let d = 1,/i = 1 and p > 9, let (u ,ui) G H 2 (R) x L 2 (R), then there exist a 
unique global solution 

u(t) G C(R; H 2 (R)) n C X (R; L 2 (R)) 
to (11.11) such that u(t) scatters in E. 

In the focusing case, one can not expect to establish a similar result as Theorem 11.21 
without any other restriction. Indeed, let R be an element of the ground states which satisfy 
the elliptic equation 



1.5) A 2 <f) + m( l 



and the least action principle. The author can refer to Section 3 below for more discussion on 
ground state. One may find that R is a non-scattering solution of (11.11) with the finite energy 
E(R,0). The existence of ground state R was proved by Fibich, Ilan and Papanicolaou [TJ. 
In that paper, the authors also proved that the ground state obeys the best constant of the 
following sharp Gagliardo-Nirenberg inequality, 

In this paper, we prove the following 

Theorem 1.3. Let d > l,fi= -I, 1 + 8/d < p < 2 a - 1. Let (w ,«i) G H 2 (R) x L 2 (R) with 
(1.7) E(uo, Ul ) < E(R,0), 

and let u be the corresponding solution of U.l\) with maximal interval of existence I = 
(-T_(u ,ui),T+(m ,ui)). 

(a) 7/||Am || 2 2 +m||wo||^2 < ||Ai?||^ 2 + m ll-R|li2, then u is global and scatters. 

(b) If ||Aiio||i2 + m ll M o|ll2 > ||Ai2||| 2 + 77i||i2||^ 2 , then u blows up both forward and 
backward in finite time, i.e., T_(u ,Ui),T + (u ,Ui) < oo. 

Remark 1.1. The case \\Auo\\ 2 L 2 + m l|wo||^2 = ||Ai2||^ 2 + 77i||i?||| a is not compatible with 
p.7| ). Indeed, it will lead to E(uo,u\) > E(R,0) by Lemma \3. 51 and Lemma \3. 7| below. In 



this sense, we give a complete classification for solutions under the restricted condition (11.71) . 
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Remark 1.2. This result implies that the standing wave R is the minimal energy solution 
which is global and non-scattering. In particular, without loss of generality, for the traveling 
wave i])(x — ceit) with e± — (1, 0, • • • , 0) ; one has 

E(R,0) < E^-cdd)), 

in which ip solves 

c 2 d 2 ip + A 2 ip + mip = \ip\ p ~ 1 i). 

To prove Theorem ll.3[ we also encounter the same difficulty as in proving Theorem ll.2[ 
since the main part is non-necessary to be non-positive even for the standing wave solution, 
and thus the gauge transformation shall be also taken important role here. Meanwhile, an- 
other difficulty arises from the lack of the scaling invariance of the equation (II. ip . Therefore 
the methods depending upon the scaling invariance in the studying of the nonlinear dis- 
persive equation (see [I] for example) are not available to our situation. We get over this 
difficulty by some new variational framework and the profile decomposition, see Section 3 
below. The partial idea was inspired by Ibrahim, Masmoudi and Nakanishi in [5] where the 
authors studied the scattering for the nonlinear Klein-Gordon equation. 

Notations. We use A < B or B > A to denote the statement that A < CB for some 
large constant C which may vary from line to line, and may depend on the data and the 
index s. When the constant C depends on other parameters, we indicate this by a subscript, 
such as C*i, C 2 , ■ • • . We use A ~ B to mean A < B < A. We use A <C B, or sometimes 
A = o(B) to denote the statement A < C~ 1 B. The notation a+ denotes a + e for any 
small e, and a— for a — e. (•) = (1 + | ■ I 2 ) 1 / 2 . Moreover, we denote & x to be the Fourier 
transform with respect to the variable x. At last, we define the Littlewood-Paley projections. 
For this, we define the function \ such that: \ G C^°(M. d ), < \ ^ 1> an d X = 1 on 
< 1}; = on > 2}. Furthermore, let Xr[x) = x{ x /R)- Now for K G 2 N , we define 

2. Preliminaries 

In this section, we recall some preliminaries such as the Strichartz estimates, profile 
decomposition and stability theorem which will be used throughout this paper. 

2.1. Strichartz estimates. First, we give the Strichartz estimates and its direct applica- 
tions such as to the small sacttering for (II. ip . the global time-space estimates leads to the 
scatering, etc. 

Lemma 2.1 (Strichartz estimates, Let (a,b) be the pair such that 

«,l>2,Moo, 4 -<H-l), l = d(l-\)-a, Q <a<2, 
and (q, r) be the pair such that 

q,r>2, -<d(l--), (q,r,d) ^ (2,00,4), 
q \2 r / 
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and ((3, a) be the pair such that 

<*,P>2, | = d(i-I), (/3,«,rf)^(2,oo,2). 

Let u(t) G C(I; H 2 (R d )) n C\I\ L 2 (R d )) be the solution of 
(2.1) d tt u + A 2 u + mu = F, 

with the initial data (u(0),ut(0)) = (uo,Ux), then for any time interval I = [to,ti], 

\\Au\\ L oo L 2 + |M|l,°°.Lg + ||Wt||i°°i2 + 



(2-2) 

I T 9' T r' 1 II" 1 1 1 T P' T ct' ' 



jSIIUollfP + ll^lIU 2 + H^IU'rr' + ll^ll; 



Let the time-space S{T) be defined as 

2(ri+4) 2(rf+2) 

S(I) = LJ +8 \l x R d ) n V +4 P (J x M d ). 

One easily verify the following lemma which shows that the global time-space estimate leads 
to the scattering. 

Lemma 2.2 (HUES!). Let (w ,Wi) G S, u(t) E C(R; H 2 (R d )) fl C 1 (R; L 2 (R d )) 5e toe #/ofra/ 
solution of (11. ip sfic/i toat 

||ulL<?mn < +oo. 

TTjen «(£) scatters. 

Define the linear solution operator 



W(t) = cos VA 2 + mt. 



sin VA 2 + m£ 



then by Duhamel formula the solution of ( 12. ip can be written as 

u(t) = W(t)( Mo ,Mi) T + / W(t-s)(0,F(s)) T cfe, 

Jo 

where (m ,Mi) t denote the transpose of vector (u ,Ui). Now we define the norm of the 
Strichartz space W(I) as 



t 



(2.3) IMIwoo = sup 1 1^11^7 

(p, 7 )eA 

where for any fixed small constant 5q > 0, 

f/ x 4 d d /l 1\ 2 

A= UP, 7 = - + - = o, <rf (--- -- <2, p> 2, 7 >2 + <5o , 
I p 7 2 V2 7/ p 

and 

2(d+2) 2(d+4) 

(2.4) at(j) = n L t ,r (/ x 
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Lemma 2.3 (Small data scattering). There exists a small constant Eq, such that for any 
initial data (uq, Ui) G £ and for any < e < Eq, if 

l|w(-)K«i)|| S (/)<£, 

then there exist constants Ci,C 2 dependent on \\(uo,Ui)\\e, such that the corresponding solu- 
tion u of U.l\) satisfying 

(2-5) \\ u \\s(i) ^ C ^ £ i \\ u \\w{i) ^ c * 

In particular, u scatters when I = M. 



Proof. By the Strichartz estimates in Lemma 12.11 one has 

\W\\s(i) < ||W(-)(«o,wi)||s(J) + 

The first estimate in (12.51) follows by the bootstrap argument. Moreover, using the Strichartz 
estimates again, one gives 

\\ U \\W(I) < ||(«0,«l)||£ + \\u\\ P s{I y 

This implies that the second estimate in (12. 5p by using the first one. □ 

Lemma 2.4 ([15]). Let I be a time interval such that G /, and let u G C(I; H 2 (R d )) fl 
C 1 (J; L 2 {R d )) be the an almost solution of (II. ip in the sense that 

d u u + A 2 u + mu + fj,\u\ p ii = e 

with (u(0) , dtu(0)) G £ and \\u\\s(i) — A. Then there exist e = e (A),C = C(A) such that 
for any < e < Eq, (uq, U\) & £ if 

INU(Z) < e, \\W(-)[(u(0),d t u(0)) - (fi(0),ftfi(0))]|| 5(J) < e, 

i/ien there exists a unique u G C(I; H 2 (R d )) fl C^J; L 2 (R d )) to be the solution of (II. ip with 

\\u - u\\s(i) < C(A)e ; \\u - u\\w(i) < C{A). 

2.2. Profile decomposition. In this subsection, we recall the linear profile decomposition, 
and establish some perturbation lemmas between the nonlinear profile and the nonlinear 
solutions of the beam equation. For the sake of convenience, we may write the free energy 
Eq(w) instead of Eo(w,Wt). The following version of the linear profile decomposition was 
essentially given in [16], we omit the proof details here. 

Lemma 2.5 ([IS])- Let {w n (t)} n be a solution sequence in H 2 (W d ) to linear beam equation 
such that E (w n ) < E < oo for all n, then there exist a linear solution sequence {V^}j which 
are bounded in H 2 (M> d ), a time-sequence {t J n } n> j, a space-sequence {x J n }n,j> such that 

M 
3=1 

where W^f (t) be the linear solution of beam equation with 
(2.6) taBm^llwril =0, 
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and 

(2.7) \x{ - x k n \ + \t{ - t*\ ->• oo, as n ->• oo, u>nen j 7^ A;. 
Moreover, 

M 

(2.8) K(t)||i. = £ + + ll^fWIli +o„(l), < 3 < 2, 

i=i 

M 

(2.9) Kwiigii = Eii va (* +< i)iiKi+on.Ar(i). 

and 

M 

(2.10) EqK) = £ W) + E ^ W n) +On(l), 

where o n (l) — >• as n — >■ 00 and o n m(1) — » as n, M — > 00. 



Definition 2.6. Let V be the linear solution of beam equation which is bounded in H 
and {tnj^Li be a time sequence. We define the nonlinear profile U associated to {V,£ n }5£L l7 
ifU is the solution of ( fi. and 

lim \\U(;t n )-V(;t n )\\ £ =0. 

n— >oo 

Remark 2.1. Let U be the nonlinear profile associated to {V,t n }^L 1 . If t n — > t for some 
to G 1R, £/ien z'£ z's ine solution of the following integral equation 



U(t) =V(t)+ [ W(t - s)($^\U\ p - l U(s)) T ds 

Jto 

=W(t-t )(V(t ),V t (t )) T + f W(t-s)(0,/i|Wr 1 W(s)fds 

Jto 

Ift n — > ±oo ; z't is tne solution of the following integral equation 

U(t) = V(t) + [ W{t- s)(0, //|W| p_1 W(s)) T ds. 



±00 



One easily verifies that when t n — >■ ±oo, 

(2.11) lim HWII^ = 0, 1+ = [t n ,oc), J" = (-00, q. 

Indeed, If t n — > +00 (similar argument holds for t n — > —00), then for large n, one has 

\\V(t)\\ s{In ) = o n (l). 

Then by Lemma \2. 3[ we have 

l|W||s([t„,oo)) = o n (l). 
The following result is a consequence of the stability statement in Lemma 12.41 
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Lemma 2.7. Let {w n (t)} n be a solution sequence in H 2 (M. d ) to linear beam equation such 
that E{w n ) < E < oo for all n, {V j , x J n , P n , Wff} be the corresponding linear profiles decom- 
position obtained in the lemma lKR Let {Ui}°Z l be the nonlinear profile of {V^ ,t J n }j S L l! and 
u n be the solutions with the initial data (wo.n, u i,n)- Then there exists a M > 0, such that if 
W scatters for any j = 1, • • • , M , then u n scatters. 

Proof. Let 

M 

(2.12) u(x, t) = £V + 4: t + t) 

3=1 

where n, M is large and will be determined later. Then u(x, t) is the solution of 

d tt u + A 2 u + mu + n\u\ p ~ 1 u = e 

where 

M 



li(\u\ p - 1 u-J2\U J \ P ~ ll{J )- 



3=1 

First, for fixed e > 0, (I2.8P implies that there exists M = M (e) such that 

oo 

(2-13) Yl \\ vi \\h<^ 

j=M 



This together with Lemma [2.31 yields that 

oo 

(2.14) J2 ll^'llL^nsfR) < Ce. 

j=M 

Since W scatters for any j : 1 < j < M , making use of (I2.12p and (I2.14p we obtain for 

M > M , 

(2.15) \\u\\s(R) < A 
for some A > independent of M. 

Second, we claim that there exist large n = n(e) and M = M(e), such that 

(2.16) \\W(-)[(u n (0),d t u n (0)) - (u(0),d t u(0))]\\s(n) < e. 

Indeed, let w n be the linear solution of beam equation with the initial data (u n (0), d t u n (0)), 
then 

W(t)[K(0),9 (M (0))-(«(0),^(0))] 

M M 

= Wn (t) - y j (- + 4 t + 1{) + y m) (vm - um 

3=1 3=1 

M 

j<M j=M 
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where 

Vi(t) = v\- + xi t + ti), w n (t) = u\- + 4, t + ti). 

To prove (12.16p . one may control the first term by ( 12.61) . the second term by Definition 12.61 
and the third term by (gZESJ) and f[27Hj) . 

At last, we show that there exists large n = n(e), such that 
(2.17) ||e||iv(R) < e, 

where N(M.) is defined by (12. 4ft . From (I2.14p . we may assume that M = Mq. One may verify 
that 

M 



\u 



p- 



(2.18) 



3=1 



Mo / Mo \ 

j=l \ k=l,k^j J 



where 3 n , t' = t — t J n . By Holder's inequality, one easily get that 

M M 

l|e|k( R )<Ell Wi HS) E + tk n + ti)\\ 

3=1 k=l,k^j 
—7-0, if 72 — t- oo, 

where one may assume that has compact support in R° ! x K in the last step since W G 
S(0, oo). This proves (I2.17P by choosing n = n(e) large enough. The proof of Lemma [2.71 is 
thus complete from Lemma [2. 4[ □ 

3. Ground State 

In this section, we establish some useful lemmas which play an important role in the 
study of the focusing beam equation {ji = —1). Indeed, the focusing beam equation fll.il) 
admits a standing wave of the form u(x,t) = ip(x), where ip satisfies 

(3.1) A 2 ip + m<p- |y?| p "V = 0. 

Since |M|s(r) = +oo, one can not expect to establish an analogous scattering result for the 
defocusing case as in Theorem II. 2 [ 

First of all, a direct calculation gives us the following lemma. 
Lemma 3.1. Let <fi be any Schwartz function, then 

cj)x ■ V '4> dx = — / \(j)\ 2 dx, 

2 ./rod 



/ \<p\ p - l (t)x- S7<pdx = d — [ \<f)\ p+1 dx, 

[ A 2 (f)x- S7<pdx = (2 - -) f \A(j)\ 2 dx. 
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Lemma 3.2. Let ip G H 2 (M. d ) be the solution of (13. ip . then the following two identities hold: 

(3.2) #i(p) = ( (\Aip\ 2 + m\ip\ 2 ) dx - [ \(p\ p+1 dx = 0; 
and 

(3.3) K 2 ( V )±2[ \A V \ 2 dx-d(l--^—)[\^ +1 dx = 0. 

Proof. We multiply (13. ip by (p and integrate it in W 1 to find the frist identity. The second 
corresponds to the Pohozaev identity, which is obtained by multiplying x ■ Vy? + |y? in both 
sides of (13. ip . integrating and making use of Lemma [3. 11 □ 

Define the Lagrange functional J which corresponds to the equation ( 13. ip as 

J{<p) = \f (| A^| 2 + mM 2 ) dx - -L / dx. 
2 V P + i 7 

Let 

= |-0 G # 2 (M d ) : V ^ 0,-0 sloves (I3~TT)}. 

then from the least action principle, the set of the ground state of the elliptic equation (13. ip 
can be defined by 

g 4 G X : J(<p) < J(V>), for any G 

The existence of the ground state was shown in [1] , in which the ground state had been shown 
as a radial, rapidly decaying function. For our purpose, we will give two characterizations 
of the ground state based on the functional K\,K 2 , which will be important to describe the 
structures of the dichotomy of blowing up and scattering associated to the nonlinear beam 
equation. Usually, we only need functional K 2 in this paper, but we also give full analysis 
on both functionals for convenience. 

Lemma 3.3. For j = 1,2, let 

Xj = G H 2 (R d ) : i) 0, Kj{$) = 0}, 

and 

(3.4) Qj = {if G Xj : J((p) < J (if)), for any ip G Xj}. 
Then Q\,Q 2 are non-empty. 

In order to prove this lemma, we present the following profile decomposition which is 
used to compensate the defect of compactness for the bounded set in H 2 (M. d ). We omit the 
proof and refer to jU [16] for analogous ones. 

Lemma 3.4. Let {il) n }^=i be a solution sequence in H 2 (M. d ) to linear beam equation such 
that || ^tt. || < Cq < oo for all n, then up to the extraction of a subsequence, there exist 
families {x J n }^ =1 for each n, {V^}^! bounded in H 2 (M. d ), such that 
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(i) For each M , 

M 

(3.5) vn=xy'(--4)+<> 

3=1 

with 

(3.6) lim [lim = 0, for any p e (l,2 tt - 1). 

(ii) |x{ — x k n \ — > oo, as n — >■ oo, u>/ien j ^ k. 

As a consequence of the orthogonality property (ii), one has 

M 

(3.7) J(^ n ) = W) + J ( R n) + n °°> 

and for £=1,2, 

M 

(3.8) AT^„) = + MR^ 1 ) + 0n (l), n ^ oo. 

i=i 

Proof of Lemma \3.3[ Let 

J, = inf{J(V) 

= inf{ J(V) = J(V) - \ki{#) :ipeX t }, t=l,2. 

We only prove the non-empty of Q 2 , since the same argument is also valid to Q\. Then the 
conclusion follows if functional J 2 reaches minimal in X 2 . By a simple computation, we have 

(3.9) m = 1 £ mM > d. + (| - ^) / i*r 

Since p > 1 + |, one easily verifies that J{jp) > 0. Let {ip n }^=i be the minimizing sequence 

such that J(ip n ) —> Ji and K 2 (i[) n ) = 0. From (13 .90 we can assume that {^njJ^Li is a bounded 
sequence in H 2 (M. d ), Then by Lemma [3.41 we have the decomposition (13.51) such that (13.71) 
and (13. 80 . Now we claim that for any j , 

(3.10) K 2 (ip j ) > 0. 

Suppose for contradiction that there exists jo such that K 2 (ip 30 ) < 0. Then, there exists 
A J0 < 1, such that K 2 (\ J0 ijj J0 ) — 0. This together with the definition of J 2 implies that 

J(A J V°) > J 2 - 
Moreover, from (13.91) one easily gets that 

J(X jo ip jo ) < J(ip jo ), => J(ip jo ) > J 2 . 



On the other hands, since J(ipi) > for any j and lim J(Rff) > 0, (13.70 and (13.81) 

n,M—> 00 

imply that 
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This gives a contradiction and thus proves (13. 10[) . Hence, collecting (13. 10[) . ( 13. 8 j) and 
lim K 2 (RM) > shows that 

n,M— ¥oo 

K 2 (ip J ) = 0, for any j. 

This again yields by the definition of J 2 that there exists only one j, taking j = 1 without 
loss of generality, such that 

The proof of Lemma [3.31 is thus complete. □ 
Lemma 3.5. Let Gi,G2 be defined in (I3.4[) . then 

G — Gx — @2- 

Proof. Making use of Lemma 13.31 and the Lagrangian multiplier theory, there exists Xj, 
j = 1,2, such that for any <p G Gj, 

(3.11) J'((p) = X j K' j ( ( p), j = l,2. 

First, a direct computation implies that for any f(x) G H 2 (M. d ), 

K[(<p)f = 2 I A<p- Afdx + 2m [ <p ■ f dx - (p + 1) f (pPfdx. 

JR d J JR d 

Taking f(x) = <p(x), then 

K[((p)(p = 2 / \A V \ 2 dx + 2m i \tp\ 2 dx - {p + 1) / \^\ p+1 dx 



p — 1 



\<P 



\ p+1 dx > 0, 



where we have used K^ip) = in the second step. But J'{ip)ip = together with (13.1 ip for 
j = 1 leads to Ai = 0. This shows that J = J\ and G = Gi- 

Similarly, we have for any f(x) G H 2 (M d ), 

K 2 (<p)f = if A<p-Afdx-d(?±±-i) f v p fdx. 

JR d \ Z / J R d 

Now let / = x ■ Vy? + |<£>, using K 2 ((f) = and Lemma I3TTI one gets 

7^)0 = 4(2-^)/ \A V \ 2 dx + d 2 (\-^-) [ \ V \ p+l dx 

1 JR d \2 p+ 1/ J R d 

= 8 \Ap\ 2 dx > 0. 

JR d 



Hence J'(tp)tp = together with (13. lip for j = 2 leads to X 2 = 0. This implies that J = J; 
and G = G2- Q 



As a consequence of Lemma |3.5[ one will show that the sign of Kj(u) for j = 1,2 is 
invariant along the nonlinear flow of ( ll.ip under the restriction E(u) = E(u, Ut) < E(R, 0). 
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Corollary 3.6. The manifolds 

A + = {ue H 2 (M. d ) : E{u) < E{R),K x (u) > 0}, 

A~ = {u G H 2 (R d ) : E{u) < EiR^K^v) < 0} 

are invariant under the nonlinear flow of (II. ip . That is, if Uq G A , then also u(t) G A , 
for anyte (-T_(«o, u x ), T+(u , u x )). 

Proof. Note that J(u) < E(u), J(R) = E(R) and E{u{t)) = E(u(0)). Since E(u ) < E(R), 
then we have 

J{u(t)) < J(R), for any t G (-71 (uq, T + (u , %)). 

On the other hand, if there exists a time t G (— 71(m , Mi), T + (u , Mi)) such that 7Ti(-u(to)) = 
0, then by Lemma |3~5| J(u(t )) > J(R). This contradicts J(u(t)) < J(R). 

This argument is also valid for other cases, we omit them. □ 

The following lemma gives an alternative description of the functional Kj(u) for j = 1, 2 
under the restriction of E(u) < E(R). 

Lemma 3.7. Let ip G H 2 (R d ) satisfy J (if)) < J(R), then 



(1) K 1 W>0 <=► HA^II^+mllVlll^llA^+mll^ 

(2) K 1 (i;)<0 <=► ||A^||2 +m ||^||2 > \\ AR f +m\\R\\l 



Proof. It suffice to prove (1), since (2) can be obtained by a similar way. It is easy to check 
that 

(3.12) J(R)=(- —) [ (\AR\ 2 + m\R\ 2 ) dx, 

V2 p+V J Rd x 

and 

m - ^^iW = (i - ^t) / (I A^l 2 + m|^| 2 ) dx. 
Therefore, J(^) < and K~i(iJj) > immediately lead to 

(3.13) ||A^||i 2 + m|H|i 2 <||Ai?||| 2 +m||^ 2 . 

Next, we prove the converse part. Consider 

(3.14) K 1 {\4)) = \ 2 ( K J (\A^P\ 2 + m\i)\ 2 )dx-\ p - 1 J \4)\ p+l dx}. 
Choosing Ao > such that 

,a i ^P-l _ f Rd \^\ 2 dx + m\?P\ 2 dx 

(3 - 15) A ° " Ji^Tx • 

we have by (I3.14p 

(3.16) K x {\^)=0. 
This implies that 

K x ($) > <^=> A > 1. 



ij p+1 dx 
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On the other hand, by (13 . 1 6[) and Lemma I3.5[ one has 

(3.17) J(Xo^) > J(R). 
From (I3.15P and (I3.13p . one easily shows that 

J{^)=\l(\j \AiP\ 2 dx + \m f l^dx-Xl 1 ^— 

V ^ I J R d P+L 

(3.18) ^(i-^/dA^ + ^l 2 )^ 

< A o(~-^t) / (|AJ2| 2 + ro|J2| a ) dx 
=X 2 J(R). 

This together with (I3.17P to give that Ao > 1 and thus K\(ifi) > 0. This finishes the proof of 
Lemma 13.71 □ 

Remark 3.1. By a similar argument, one may find that if E(u) < E(R), then Ki(u) ■ 
K 2 (u) > 0. 



By Lemma 13.71 , one may rewrite the manifolds A^ as: 

A + = {ue H 2 (R d ) : E{u) < E(R), ||A^||| 2 + m\\if)\\ 2 L2 < \\AR\\l 2 + m||J2||£,}; 
J) A' = {ue H 2 (R d ) : E{u) < E(R), \\Aif>\\ 2 L2 + m\\if)\\ 2 L2 > ||Ai2||* 2 + m\\R\\ 2 L2 }. 



Now, we need a stronger result than Corollary 13.61 this is important in the local virial 
analysis. Let 

A+- s ± {u eH 2 (R d ) : E(u) < (l-8)E(R),K 1 (u) > 8max{\\ Au\\ 2 L 2 + m||u||| 2 , H^i} 

K 2 (u)>5max{\\Au\\l?MVgi}}\ 
Aj- S ± {u eH 2 (R d ) : E(u) < (l-5)E(R),K 1 (u) < -5max{|| Au\\ 2 L2 + m\\u\\ 2 L 2, \\u\\ P L tli} 

K 2 {u) < -5max{||Aw||^ 2 , 

Proposition 3.8. Let ip G H 2 (R d ). If if) G Af , then there exists some 5 G (0, 1) independent 
of if), such that ip G Af^. 



Proof It suffice to consider the case if) G Ag , a similar argument holds for the case if) G A so . 
We also note that for Ag , we only prove 

(3.20) ^(V) >5max{||A^||i 2 +7^11^11^,11^11^}, 

since the other one is followed by similar way again. Moreover, keeping in mind that K\ (ip) > 
0, the proof of (13.201) can be reduced to show 

(3.21) K 1 (if))>6(\\Aif)\\l 2 +m\\if)\\ 2 L2 ). 
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We suppose for contradiction that there exists a sequence {i^ n }^, and a sequence {5 n } c T 
satisfying 5 n — > 0, as n — > oo, such that 

J(4j n ) < (1 - 5)J(R), < KM < 5 n (||AV„||| 2 + mUJlz). 

The later implies that 



HrJJ* < ||A^||| 2 +m||^||i 2 < -ij-ll^ll^. 
L ' 1 — o n '•• 



Therefore, there exists A n , such that 

^i(An^) = 0, where 1 < A^ 1 < — L-. 

1 - On 

We have by Lemma 13.51 

JMn) > J(R). 

This means that 

^(||A^||! 2 + m||^llW -K-^UnW^l > 4f ■ 

On the other hand, we rewrite J(ip n ) < (1 — 5)J(R) explicitly as 

i(||Avyk +m|huio - ^Wlji < (i - *) W 

Compared with the above inequalities, we obtain that 

< (Ar 1 - 1)^-11^11^ < (1 - 5 - ^)J(R). 

But it is impossible when n is large enough, since A n \, 1 as n — > oo. □ 

Combining the energy conservation, Corollary 13.61 with Proposition I3.8[ we obtain the 
following result. 

Corollary 3.9. If uq G A , then there exist some 5, 5 G (0, 1) depending on uq, such that 
the corresponding solution u(t) G Af^ for any t G (— T-(uo, u\), T + (uq, uij). 

4. Blow up 

In this section, we prove Theorem ll.3l (b). The argument is based on Glassey's Convexity 
method j2]. 

We argue for contradiction that there exists a global solution u such that 
(4.1) E(u{t)) = E(u , ui) < E(R), ||Awo||| 2 + m||«o||£ 2 > \\AR\\ 2 L2 + m\\R\\ 2 L2 . 



By Corollary I3.9[ it follows that for any t G R, 

E{u{t)) < E(R), || Au(t)\\ 2 L2 +m\\u(t)\\ 2 L2 > \\AR\\ 2 L2 +m\\R\\ 2 L2 . 

Let 

y{t)= [ \u{t)\ 2 dx, 
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then a direct computation gives that 

y'(t) = 2 / uu t dx, 



y"(t) = 2 \u t \ 2 - (\Au\ 2 + m\u\ 2 - \u\ p+1 ) dx 

jR d L - 

= 2 / Wutf-K^dx. 

JR d 

By making use of Corollary 13.91 and (14. ip , one easily shows that 

y"(t) >2 / [\u t \ 2 + 5(||A«||| 2 + m\\u\\ 2 L2 )] dx 

JR d 

>25(\\AR\\ 2 L2 + m\\R\\ 2 L2 ). 

This implies that 

(4.2) y{t) ->■ +oo, as t ->■ oo. 

Therefore, there exists a large time to such that 

y{t ) ^ 0, y'{t ) > 0. 

On the other hand, since 

- / \u\ p+1 dx = (p + l)E(u , m) - [ (\u t \ 2 + \Au\ 2 + m\u\ 2 ) 

jR d 2 J 

one rewrite y"{t) to find that 
V"(t) = 2 



dx, 



^^|w t | 2 + - — -(|Aw| 2 + m\u\ 2 ) dx - 2(p + l)E(u ,u 1 ). 
2 2 - 

Since E(R) = J(R), (13.121) and the assumption (14. ip will lead to 

P~ 1 f /I a n|2 



E(u , Ul ) = E(u(t)) < E(R) = J(R) 0{j> i } 

Hence, from Corollary 13.61 and Lemma [3.71 we obtain that 
p — 1 



(\AR\ 2 + m\R\ 2 )dx. 



\Au\ 2 + m\u\ 2 ) dx-{p+ l)E(u , u x ) > 0. 

JR d 

This gives us that 

y"{t) > (p + 3) / M 2 dx. 

This together Holder's inequality leads to 

p + 3 / ,,,s\2 



p+3 

Let C = y'{t )/y—{to), one gets 



P+3 



y'(t)>C oy —(t) 



SCATTERING FOR THE BEAM EQUATION 17 

Since > 1, this leads to the finite time blow-up with 

4 y(t ) 



T_(m , Ml), T + (u , Mi) < t + 



P-i y'(t y 



This is a contradiction with global well-posedness, and the proof of Theorem 11.31 (b) is thus 
complete. 

5. Concentration-compactness and the minimal element 

From this section, we begin to prove Theorem 11.21 and Theorem 11.3( a) . For simplicity, 
we only consider the case of positive direction. By the profile decomposition in Section 2.2, 
we argue that if the scattering results in Theorem 11.21 and Theorem 11.3( a) do not hold, then 
there must exist a minimal energy solution or the least action solution with infinite S-norm. 
Meanwhile, as an extremal, the minimal element enjoys some good compactness properties. 
To this end, we carry out the inductive argument as follows. 



By the small data theory in Lemma I2.3[ there exists 8 S d, such that if 

II Oo, mi) \\e < 8sd, 

then the corresponding solution u of (11.111 scatters. Now we define the maximal energy 
E max = SU P { E = E(u ,ui) > : ||tt||s(R+) < oo}; 



E max = sup ji? = E(u , Mi) > : ||Au ||ia + HI M olll 2 < IIA-RHfa + m\\R\ 



2 

L 2 i 



\U\\S(R+) < OO (, 



and 

(5.1) E, 



E Lx, if " = 1, 

E ma x i if — — 1 • 

In particular, by Lemma [377] one may rewrite E~ ax for the focusing case u = — 1 as follows 

E~ ax = sup |E = £(m ,Mi) > : Ki(uq) > 0, ||w||s(r+) < ooj 
Moreover, it is easy to verify that 

(5.2) E(u,u t ) l —K 1 (u) = (\ l — ) I (\Au\ 2 + m\u\ 2 ) dx + I- I u\dx. 

p+1 \Z p+l/J I J R d 

This gives a uniform bound of the solution in H 2 (K. d ). Thus, by the small data theory above, 
if 

E(u ,ux) < S sd , Ki(u Q ) > 0, 
then u scatters. This tells us that the definition in (15. ip is well-defined. Moreover, Theorem 
11.21 or Theorem 11.3( a) hold true if and only if 

E Lx = oo, or E~ ax = E(R, 0), 

respectively. Now we suppose for contradiction that 

(5.3) E+ ax <oo ( orE max <E(R,0)). 
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The main result in this section is the following. 
Proposition 5.1. Suppose that E max satisfies A5.3\) . Then there exists an extreme element 

u c {t) e C(R; H 2 {R d )) n C X (]R; L 2 (R d )) 

such that 

E(u c ) = E max , and \\u c \\ S (r+) = oo. 
Moreover, there exists a position function x(-) : R + — > R d , such that 

(5.4) K — |(w c (x — x(t), t), d t u c (x — x(t), £)) : t G M + | is precompact in £ . 

Proof. Let {un(t)}%Li be a minimizing sequence such that 

(5.5) E(u n ,d t u n ) I E+ ax , and ||u„|| 5(R+) = oo, ( defocusing ) 
or 

r , E(u n ,d t u n ) i E~ axJ and |K||s(R+) = oo, 

(5.0) So n n o ( focusing 

1 ] Axilla + m\\u n \\ 2 L2 < \\AR\\ 2 L2 + m\\R\\ 2 L2 , 

From (II. 2p in the defocusing case or (15.21) in the focusing case, we easily see that u n is global, 
i.e. 

u n (t) e C(R] H 2 (R d )) n C\R; L 2 (R d )), VneN. 

Let {w n } be the solution sequence to the linear beam equation with the initial data 
(w„(0), d t u n (0)). By the linear profile decomposition in Lemma |2~5| we have 

M 

Mt) = E ^ ( X + 1 + f n) + W n(t)- 

i=i 

Let {Z/ 7 '}^ be the nonlinear profile associated to {V^ , then by (I2.10p and the energy 

conservation law one has 

M 

(5.7) E(u n ) = ^E(W)+E(WM)+o n (l), 

where W}* is the solution of (HHJ) with initial data (W^(0), SfcW^O)). 
We first claim that 

(5.8) E(W) < E max . 

It is a direct consequence of (15. 7\i for the case fi = 1. 

For the case /i = — 1, making use of (12.81) for s = 0, 2 and the invariance of the manifold 
A + under the nonlinear flow determined by (11.11) . we obtain that for any j > 1 and t e R + , 

(5.9) \\AW(t)\\ 2 L2 +m\\W(t)\\ 2 L2 < ||Ait;||! 2 +m||it!||| 2 . 
This implies that by Lemma [3.71 

K x (U j ) > 0, for any j > 1. 
Thus, by (15.21) . one finds that E{U^) > 0. This together with (15.71) implies (15.81) . 
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Now we split it into two cases. 

Case 1: EilA^) < E max for any j > 1. From ( 15. 9p and the definition of E max , one infers 

that 

W scatters for any j > 1. 
Then by Lemma \2.7\ u n scatters. This is a contradiction with the original hypothesis. 
Case 2: There exists one jo, taking jo = 1 without loss of generality, such that 

EiU 1 ) = E max . 
Since E{U^) > for any j > 1, one gets 

W = 0, for j > 2. 

If U 1 scatters, then by Lemma 12.71 u n scatters. It is a contradiction. This shows us that U 1 
is exactly the critical solution satisfying the inductive hypothesis. Moreover, one has t\ = 
after adjusting the profile suitably. Otherwise, if t\ — > ±oo, since 

w n (t) = V\x + x L n ,t + 1*) + W?(t), 

one gets that for any T < +oo, 

IWU([T,+oo)) -+ 0, as n oo. 

To prove the compactness, one may consider any time sequence {t n } for instead, and an 
almost same process as above gives the compactness result. The details are omitted here. □ 

As a consequence of this proposition, one concludes that for any rj > 0, there exists C(r]), 
such that 

(5.10) / (\Au c \ 2 + m\u c \ 2 + \d t u c \ 2 ) dx <r]. 

J \x-x{i)\>C{rj) ^ ' 

Remark 5.1. By suitably smoothing out the parameters, one may assume that x(-) is smooth 
and satisfies 

(5.11) W(t)\<l. 

For the proof details one may refer [TB|. For the nonlinear Schrddinger equation, one may 
expect a better estimate on \x'(t)\, i.e., \x'(t) \ = o(l) ; by using the Galilean transform and a 
virial-type identity. However, for the nonlinear beam equation, it lacks the invariance of the 
Galilean transform. Moreover, the analogous virial-type identity is weaker than the nonlinear 
Schrddinger equation. It seems that the argument to control x(t) as in the Schrddinger 
equation does not work to the nonlinear beam equation. In this paper, we overcome these 
difficulties by introducing a gauge transformation, which will be presented in the following 
section. 



As the end of this section, we present the following corollary which was proved in [16J. 
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Corollary 5.2. Let u{t) G C{R;H 2 {R d )) fl C^R; L 2 (R d )) be a solution of flTTJ suc/t tfitrf 
£/je sei if defined in (15. 4p zs precompact in S, and E(u) ^ 0. For even/ r > ; t/iere exists 
two positive numbers c(t,u) and C(r,u) such that, for all times t, there holds that 

rt+r p 

(5.12) c< / / \u{s,x)\ p+1 dxds < C. 

Jt JR d 

In particular, there holds that J* J Rd \u\ p+l dxds ~ t. 

6. A Gauge Transformation 

In this section we give a gauge transformation and establish a series of useful estimates 
on it. Let u be the solution of (II. ip . and define 

(6.1) v(x,t) = %u(x,t) = e l ^ Ms)r ^ ds+ix<0 u{x,t), 

where £o £ R d will be determined later. It is easy to see that this gauge transformation has 
its inverse transformation as 

(6.2) u(x,t) = ^;>(M) = e~ if o lHs)r L2 ds - ix <o v ( x ^t). 
For simplicity, we denote 

(6.3) y(t) = \\u(t)\\-J 
in the following context. 

Lemma 6.1. Fix^Q G M. d , then the transformation maps H 2 (M. d ) to itself. More precisely, 
one has 

(1) ||%m||l2 = \\u\\ L 2; 

(2) \\V^ u\\h = \Zo\ 2 h\\l 2 + ||V«i|! 2 ; 

(3) \\A^ u\\ 2 L2 = |£ | 4 |Mli 2 + 2|£o| 2 || Vu\\l 2 + 4||£ • Vn||| 2 + || A«|| 2 L2 ; 

(4) 7/inf > 1, £/ien further maps £ to itself, such that 

\\f/? II 2 2 1| 1 1 2 i || 1 1 2 

ll%^llz,2 = y \\u\\ L2 + |K|| i2 . 

Now, we are expecting to understand that the solution would go forward under the gauge 
transformation. 

Lemma 6.2. Let u be the solution of U.l\) . then be the solution of the following problem 

{d tt v + A 2 v + C{y) + mv + ^v^v = 0, 
v(0) = e^°u , v t (0) = e^(-^ + Ul (xj), 

where the lower order term C(v) is defined by 

C(v) = -2iyv t - iyv - 4^ - VAv - 4(£ ■ V) 2 v 

- 2\U 2 Av + 4z|£ | 2 £o • Vt; + |£ Q |\ - y 2 v. 
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Proof. Direct calculation shows that 

d0 io u = e i tiy^ ds+lx <°(ty + d t )u(x,t); 
d tt % )U =e i S* a vM*>+i**°(-y* + 2iyd t + iy t + d a )u(x,t); 
\7^ u =e i ft y M d ' +ix * (iZ + V)u(x,t); 
A%,u = e *£ vM*+*»«>(-|f | 2 + 2^o- V + A)u(x,t); 
(Co • V) 2 %,w =e*/o^+-So ( _| eo |4 + 2^ | 2 e -V + (Co • V)>(x,t); 

VA% M =e i fiM da+ * B *(-ito\£o\ 2 - 2£o(6r V) - |£o| 2 V 

+ i£ A + 2z(Co- V)V + VA)«(x, t); 
A 2 % M = e *J?»W^-&(| & |4 _ 4i|£ | 2 £o- V - 2|£ | 2 A - 4(£ ■ V) 2 
+ 4^ -VA + A 2 )u(x,t). 
These show that v(t) solves the Cauchy problem (16. 4p . □ 

Now, we employ the scaling transformation e as 

4 X t 

w(x,t) =&x£ a u{x.t) = A~^%w(-,— ), 
then w(t) satisfies the following equation 

(6.5) d tt w + A 2 w + C x {w) + m\ 4 w + ^w^w = 0, 

where the lower term 

C x (w) = -2iy\ 2 w t - iyX^w - 4i\£ -VAw - 4(A£ • V) 2 w 
^ - 2|A£ | 2 Au; + 4i|A£ | 2 A£ ■ Vw + |A£ | 4 ^ - y 2 \ A w. 

Lemma 6.3. Let a = d — and let w = W\£ u, then 

(1) ll^ll| 2 = A>||* 2 ; 

(2) ||W A ,^|| 2 2 = A- 2 +-(|eo| 2 ||«|| 2 L2 + ||Vu|| 2 2 ); 

(3) ||A^ CoM || 2 2 = A- 4+ «(|£o| 4 |Mli 2 + 2|eo| 2 ||V«||i 2 + 4||£ • Vw|| 2 2 + UAu^); 

(4) = a- 4+ ii«iK i; 

(5) Assume 

(6.7) inf||u(t)|U»>l, 

to \\d t ^A\h = x- 4+a {y 2 \\u\\l 2 + \\u t \\l 2 ). 

(6) Let P(w) = Re J Rd w t Vw dx, then 

P(w) = A- 3+a (^olMli 2 + P(u )) = A- 3+Q (£ + P(«o)). 

Remark 6.1. The condition (16. 7p zs noi trivial, since the solution of linear beam equation 
lacks the mass conservation. For example, it is not a trivial solution which solves the equation 
( 12. ip with the initial data 

u(0) = 0, d t u{0) = Mi ^ 0. 
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In particular, Let £ — — P( u o), then 

(6.8) P(w) = 0, w = &x£ u. 

Applying (3) and (4) in Lemma IBTBl to the focusing case /i = —1, one gets that 

(6.9) K 2 {^ u) > \- A+a K 2 (u). 



Let u c be the critical element obtained in Proposition 15.11 then by the compactness 
property ( 15.10p . the inverse transform (16.21) . one can verify the following results on @\£ u c 
by simple computation. 

Lemma 6.4. Let a = d ^-r, 

p-i> 

(6.10) x(t) = Ax(A _2 t), 
and let w c = ^\^ u c , then for X < 1, one has 

(6.11) / \w c \ 2 dx < X a ri; 

(6.12) I \Vw c \ 2 dx < \" 2+a ri; 

J\x-x{t)\>XC(v) 

(6.13) f (\Aw c \ 2 + \d t w c \ 2 ) dx < \- A+a 7]. 

J\x-x(t)\>XC{r]) ^ ' 

7. The proof of the main theorems 

In this section, we will complete the proof of Theorem 11.21 and Theorem 11.31 by making 
use of the critical element given in Proposition 15.11 For simplicity, we omit the subscript 
and denote u as u c in the whole section. 

7.1. The case P(u ) = J Rd UiVu dx = 0. This situation is much simpler, and we can 
directly use the local virial argument, see [IE] for example. To this end, we set z(t) = x — x(t) 
and let the function \r be defined as in Page HI We define 



(7.1) I u (t) = / xn( z ) z -Vu(x,t)ut(x,t) dx, 
and 

(7.2) J u (t)=j XR{z)u{x,t)u t (x,t)dx. 
Then we have the following local virial identity. 



Lemma 7.1. 



I' u (t)=--( \ Ut \ 2 dx+ (- - 2) ! \Au\ 2 dx + — [ \u\ 2 dx 
2 J R d 2 J R d 2 J R d 

+ J±L [ inr'dx + n^, 
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and 

J' u {t) = / (\u t \ 2 - \Au\ 2 - mu 2 - fi\u\ p+1 ) dx + Tlj, u , 
where for R > 1, 

\K IjU \, \TZ J)U \ < [ (\Au\ 2 + \u t \ 2 + \u\ p+1 + \u\ 2 ) dx. 

J\x-x(t)\>R 

Proof. It follows by a directly calculation, see [16] for example. □ 

From Lemma 17.11 one obtains that 

(7.3) I' u (t) + p' u (t) = -2 [ \Au\ 2 dx-/id(l--^—) I \u\ p+l dx + K hu + Kj, u . 
I J R d \z p + 1/ j 

In particular, in the case /i = —1, we rewrite (17.31) as 

I'Jt) + pL(t) = -K 2 (u) + TZ IiU + K JtU , 

where the functional K 2 is defined in (13. 3p . As a direct consequence of (15.101) . one may find 
that for any rj > 0, there exists a large R = R(rj), such that 

\T^i,u\, \Kj,u\ < rj. 



Combining this with Corollary 13. 9[ one gets that both for /i = ±1, 

I'u(t) + pL(t)<-5 [ \u\ p+1 dx + r]. 
This, together with Lemma 15.21 and taking rj small enough, implies that 

(7 4) /«(*) + pu{t) <-(cS- rj)t + 4(0) + d - J u (0) 

— > —oo, as t — > +oo, 

for both cases fi = 1 and fi — — 1. 

On the other hand, ( 15. 2 p implies that there exists B = B(E max ) such that 

(7.5) sup\\(u,u t )\\ 2 £ <B(E max ). 
Thus by the definitions ( 17.11) and (17.21) . one has 

\Ut) + -J u (t)\<R(r i )B(E max ). 

But this is in contradiction with ( I7.4p . This completes the proof of Theorem II .21 and Theorem 
11.31 in the case P{uq) = 0. 

7.2. The case P(uq) ^ 0. In this subsection, we only need to consider the reminder case 
P(u ) + 0. 
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7.2.1. Some virial identities on ^\^ u c . We denote w c = @x,£ u c, which is a solution of ( 16. 5p . 
Moreover, we omit the subscript again and denote u as u c , w as w c for simplicity. By making 
use of the conservation law (II. 3p . Holder's inequality and (17. 5p . we have 

(7.6) inf \\u(t)\\& > \P(u )\ 2 /B(E max )i. 
This gives that for any i el, 

(7.7) y{t) < B{E rnax f /\P(u )\\ where y{t) = \\u{t)\\ L l 
Thus, (w,d t w) G £ by Lemma [631 

Let z(t) = x — x(t). Define 

(7.8) I w (t)=Re xxR(z)z-\7w(x,t)w t (x,t)dx. 

JR d 

Then we have the following identity. 

Lemma 7.2. Let £ = P(u ) and A < 1 . Then for any r\ > 0, one may find a large R = R{rf) 
with XR > 1, such that 

I' w {t) = - d - I \w t fdx+d-2) I |AH 2 rf* 
z Jm d z JR d 

+ !^A 4 / \ w \ 2 dx + -^- [ \w\P +1 dx + TZ Iw , 
2 V p+1 J 

where 

\n ItW \<\- i+a ( v + \ + \ 7 R). 

Proof. By a direct calculation, we have 

(7.9) I' w (t)= Re/ d t ( X x R (z)z)-Vw(x,t)w t (x,t)dx 



(7.10) +Re / xxR(z)z-Vw t (x,t)w t (x,t) dx 

JR d 

(7.11) +Re / xxR(z)z-\7w(x,t)w tt (x,t) dx. 

JR d 

Since 

d t (x\R(z)z) = -x'(t)-(\7x\R(z)z + Xxr(z)), 

by (16. 8p one gets 

(ESD = -x (t)-Re / {V X xr{z)z + X xr{z) - l)Vw{x,t)w t {x,t) dx. 

JR d 

Thus, collecting ( l6.12p .( |6TT3l) . ( 15. lip , and then by choosing R = R(rj) large enough, one has 
by A < 1 

(7.12) < \x'(t)\ [ \Vw(x,t)\ \w t (x,t)\dx< V \- 4+a . 

J\x-x(t)\>XR 
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Note that 

(7.13) UM = -t; [ V-{xm{~z)~z)\w t \ 2 dx = ~ [ \w t \ 2 dx + 1Z, 

* JR d * JR d 

where 

n = ~\ I [V-(xx R (z)z)-d]\w t \ 2 dx. 

1 JR d 

We easily obtain that 

(7.14) \K\< [ \w t (x,t)\ 2 dx< V \- 4+a . 

J\x-x(t)\>XR 

To estimate (17.111) . we make use of (16.51) to get 

(17. lip =Re / x\r(z)z- Vw(x, t) ( — A 2 w — m\ 4 w — C\W — ^i\w\ p ~ l w)dx 

JR d 

(7.15) =(--2) [ \Aw\ 2 dx + — A 4 / \w\ 2 dx + -^ [\w\*> +1 dx 

— Re / X\r(z)z- Vw(x, t)C\w dx + TZ, 

JR d 

where XR > 1, the remainder term TZ satisfies 

(7.16) \TZ\ < I (\Aw\ 2 + \w\ p+1 + \w\ 2 )dx< ri\~ 4+a . 

J\x-x(t)\>\R 

Now we consider the term —Re f Rd x\r(z)z-VwC\w dx. Denote TZ the remainder term, 
which may vary from line to line, but has the same estimate as ( 17. 16ft . By the definition 
(16. 6p . we estimate it term by term. By variable transformation, we replace w by the original 
function u and use (17. 7p to get 

2Re / iy\ 2 x\R(z)z- Vww t dx 

(7.17) jRd 

= -d\- 1+a y 2 \u\ 2 dx + 2\- 1+a y£ ■ d t / Xr(z)z \u\ 2 dx + TZ. 



Similarly, 

2Re / iy\ 4 xxR(z)z-Vww dx = X 3+a y^ - XR{ z ) zu2 dx. 

JR d JR d 

Since y{t) is uniformly bounded, one has 

(7.18) 2Re / iy\\xR(z)z-Vwwdx < X 3+a TZ. 

JR d 

By integrating by parts and similarly estimating as above, one obtains that 

(7.19) 4A£ -Re / ixxr(z)z- VwVAw dx = (6 - 2d)\£ ■ Im / VwAwdx + TZ. 

JR d JR d 
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Similarly, 

(7.20) 4Re / xxr(z)z- Vw (A£ - V) 2 w dx = -(4 - 2d) / |A£ - Vw\ 2 dx + ft < K, 

JR d JR d 

and 

(7.21) 2|A£ | 2 Re / X xr(z)2-\7w Aw dx = -(2 - d)\X£ \ 2 \Vw\ 2 dx + TZ <TZ. 

JR d JR d 

Meanwhile, we also have 

(7.22) -4|A£ | 2 A£o-Re / i( X \ R (z)z-Vw) Vw dx = -2(d - l)\\£ \ 2 \£ -Im wVwdx, 

JR d JR d 



and 



(7.23) 



( - |A£o| 4 + AV)A6-Re / i(xAfl(z)i?-Vu>) VWx 
(-|Aeo| 4 + AV) / H 2 dx. 

JR d 



2 

Therefore, putting (I7.17I) - (I7.23I) together with (17.71) . we have by Lemma [6731 

(7.24) Re / xxr(z)z-VwC x w dx < K IiW , 

JR d 

where 

(7.25) \K I>W \ < \- 4+a (r] + X + X 7 R), A < 1. 

Collecting fjT7T2]) . (17713]) . ( 177T5]) with (177241 . and using the estimates (EH]), ( 177T6D . and 
(I7.25P , we finish the proof of Lemma 17.21 □ 

Now we define the second quantity 

(7.26) J w {t) = Re x\R{z)w{x,t)w t {x,t)dx. 



Then by a similar computation as in the proof of Lemma 17721 we have the following identity. 

Lemma 7.3. Let £ = P(uq) and A < 1. Then for any rj > 0, one may find a large R = R(i]) 
with XR > 1, such that 

J' w (t) = I (\w t \ 2 - \Aw\ 2 - mA 4 H 2 - n\w\ p+1 ) dx + TZ JiW , 

JR d 

where 

\Kj, w \<X^ +a ( V + X). 



J.w 
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7.2.2. Conclusion. Now we are in position to prove the main theorems under the assumption 
of P(uq) 7^ 0. First, we combine Lemma [7.21 with 17.31 to obtain 

(7.27) I' w (t) + ~ J' w (t) = -2 / \Aw\ 2 dx-fid(l~^—)[\iv\ f,+1 dx + n I , w + ^n 

Z J Rd \Z p + 1/ J z 

In particular, when \i — — 1, we can rewrite the above as 

I'Jt) + pL(t) = -K 2 (w) + K IjW + K JjW . 
Therefore, no matter if ji — 1 or jj, — — 1, by (I6.9p . one has 

I'Jt) + ~J' w (t) < -A- 4+a / \u(t)\ p+1 dx + K IjW + TZ J>W 
Similar to the derivation as in Subsection 7.1, we infer that by Corollary 
I w (t) + ^J w {t) < ~ A" 4+Q 5 / / \u{x,t')\ p+1 dxdt' 

+ CX~ 4+a [r] + A + X 7 R)t + 4(0) + d - J u (0) 

<A- 4+Q [c5 - C(rj + X + X 7 R)]t + J u (0) + - J u (0). 
Taking Ai? ~ 1 and choosing R large enough, we obtain 

(7.28) I w (t) + ^J w (t) -)• -oo, as t -)■ +oo. 

On the other hand, by the definitions of I w {t) and J w (t), there exists B(R,E max ) > 0, 
such that 

This contradicts (17.281) . This completes the proof of Theorem 11.21 and Theorem 11.31 
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